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Table 1 Eigenvalues of cantilever beam

Mode Exact Condensation Perturbation

1 6.80096 £ 104 6.80933 £ 104 6.80096 £ 104

2 2.67360 £ 106 2.75677 £ 106 2.67364 £ 106

3 2.10913 £ 107 2.50865 £ 107 2.11491 £ 107

Table 2 Eigenvalues of tail boom

Mode Exact Condensation Perturbation

1 1.72244 £ 103 1.72259 £ 103 1.72243 £ 103

2 1.79624 £ 103 1.79637 £ 103 1.79620 £ 103

3 8.76679 £ 103 8.77111 £ 103 8.76695 £ 103

4 1.48218 £ 104 1.48477 £ 104 1.48219 £ 104

5 1.51423 £ 104 1.51703 £ 104 1.51424 £ 104

6 6.28409 £ 104 6.29845 £ 104 6.28423 £ 104

Table 2 shows the � rst six eigenvalues. The static condensation
gives excellent eigenvalues for up to six modes. The perturbation
equation leads the approximation to the exact solution.

Conclusions
A perturbationmethodusinga correctionin transformationis pre-

sented to improve the condensationsolution. The method proved to
be effective and is recommended as a postprocessorof the conden-
sation.

Theoretically, the perturbation solution should approach the ex-
act eigenvalue from above. In practice, however, truncation error
in the linear equation causes the approximation to overshoot the
exact solution. Inclusion of several of the lowest terms can pro-
vide excellent estimations for both the eigenvalue and mode shape
changes.

One of the most dif� cult problems is the rate of convergence in
the series expansion.The sequential terms in the in� nite series may
indicate the convergence characteristics in an eigenvalue approxi-
mation.

Some of the nonlinear terms may be included to get more ac-
curate solutions. Rather than iterations with nonlinear perturbation
equations, integratedreductionmethods such as the hybrid dynamic
condensationare preferable.
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Introduction

I N a general layout optimizationproblem, possiblemodi� cations
can be classi� ed as follows1:
1) With deletion of members and joints, both the design vari-

able vector and the number of degrees of freedom (DOFs) are re-
duced. If only members are to be deleted, the value of associated
design variablesbecomes zero and can be eliminated from the set of
variables.

2) With addition of members and joints, both the design variable
vector and the number of DOFs are increased. When members are
added without addition of joints, the vector of design variables is
expanded, but the number of DOFs is unchanged.

3) With modi� cation in the geometry, there is no change in the
number of variables or in the number of DOFs. In this case, only
the numerical values of the variable are modi� ed.

Previous studies have addressed the described cases of layout
modi� cations.1¡6 For the case of addition of members and joints
(case 2), Kirsch and Liu1 presented an effectivemethod to establish
a modi� ed initial design. Even though it is suitable for changes in
members of a truss structure, it is dif� cult to apply this method to
other models of � nite element systems.

In this Note, a new simple and convenientprocedure is developed
by introducing and reanalyzing the modi� ed initial stiffness matrix
(MISM), and a method for forming the expanded basis vectors is
introduced. Using this approach, the MISM is formed directly by
using the submatrices of an augmented stiffness matrix. Therefore,
it is suitable for changes in a general � nite element system. Once
the MISM is introduced, an expanded basis vector is formed from
the MISM; the combined approximations (CA) are used to give an
approximate result of the modi� ed structure. The CA method, used
in previous studies for structural optimization,1;5;6 is suitable for
problems with unchanged numbers of design variables and DOFs.
Because of the large changes involved in topological modi� cation,
third-order approximations (CA3) are used in this study. The cal-
culations are based on results of a single exact analysis. Each sub-
sequent reanalysis involves the solution of only a small system of
equations. Thus, the computational effort is signi� cantly reduced.
In addition, evaluation of derivatives is not required.

Problem Formulation
Static analysis of the initial structure involves solving of a set of

simultaneous equations

K0u0 D R (1)

where K0 is the initial stiffness matrix and u0 is the initial displace-
ment vector; the elements of the load vector R are assumed to be
independent of the design variables. However, the approach pre-
sented here can also be used to deal with changes in the load vector.
The initial stiffness matrix K0 is symmetric and banded, and its
decomposition form is available:

K0 D L0D0LT
0 (2)
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where L0 is a lower triangularmatrix and D0 is diagonal. Assembly
and factorizationof stiffness matrix K constitute a large proportion
of the computational effort.

The structuralchangeswill result in a changed stiffness matrix K
and a changed solution u:

Ku D .K0 C D K/u D R (3)

where K is a size-expanded stiffness matrix and D K is the change
in the stiffness matrix.

Matrix D K can be divided into submatrices:

D K D
D KN N D KN M

D KM N D KM M

(4)

where D KM M is a submatrix of stiffness coef� cients of the new
added joints for the case of addition of members and joints (case 2)
where the number of DOFs is increased, in which subscript N is the
number of DOFs of the initial structure and M is the augmentation
of the DOFs of the modi� ed structure.

Thus, the stiffness matrix K of the changed structure can be ex-
pressed in the following submatrix form:

K D
K0 0

0 0
C

D KN N D KN M

D KM N D KM M

(5)

The problem under consideration can be formulated as follows:
Given K0 and u0, how are approximatesolutions found for the mod-
i� ed displacements u without solving the modi� ed analysis equa-
tions (3)?

Once the displacements u are solved, the stresses ¾ can be cal-
culated by the explicit stress-displacementrelations

¾ D Su (6)

where S is the stress-transformationmatrix.

Reanalysis Method
Topological modi� cations can be divided into two types with

respect to the change of DOFs1: 1) the common case, where the
number of DOF is not increased, and 2) the more challenging case,
considered in this Note, where the number of DOFs is increased.

Establishing a Modi� ed Initial Stiffness Matrix (MISM)
Adding joints to the structure increases the number of DOFs and

expands the size of stiffness matrix. Therefore, it is necessary � rst
to expand the basis vectors and to introduce an MISM, so that the
new DOFs are included in the analysis model.

Considering a given initial design and adding new joints and
members, the change in the stiffness matrix D K is divided as
Eq. (4). The modi� ed initial stiffness matrix KM can be formed as
follows:

KM D
K0 0

0 0
C

0 D KN M

D KM N D KM M
D

K0 D KN M

D KM N D KM M

(7)

Once the MISM is formed, it is then possible to analyze con-
veniently modi� ed structures, keeping the number of DOFs un-
changed.By this approach,any requesteddesign can be analyzed at
a later stage by D KN N , the other part submatrix of the D K.

The modi� ed initial analysis equations are

KM uM D RM (8)

If the new joints are not loaded, then the modi� ed load vector can
be expressed as

RM D
R
0

(9)

Equation (7) describes the MISM. It is included by the original
stiffness matrix, which is unaltered and occupies the leading di-
agonal submatrix partition, and the alteration is included through
the submatrices of D K, which is written in augmenting rows and

columns. Some important properties of the original stiffness matrix
(symmetry, banding) are preserved in Eq. (7), but positive de� nite-
ness is not. This poses no problem for the factorizationdescribed in
Eq. (2), but other factorizations, such as Choleski, are not suitable.

The LDLT factorizationproduces the factors by processing prin-
cipal diagonal submatrices. It starts with a 1 £ 1 submatrix, then
moves through a 2 £ 2 and a 3 £ 3 submatrix, progressively pro-
ducing and factoring larger leadingdiagonal submatricesby adding
one row and one column, until the factored submatrix is the com-
plete matrix. With the form of Eq. (7), the initial stiffness matrix is
given from the initial analysis.The added rows and columns present
no conceptual or algorithmic dif� culty; the new factors are found
simply by restarting the factorization process as if it had been ter-
minated one equation before. Indeed, that the new row and column
needonly be formedwhen the factorizationreaches them is the basis
of the frontal method of solutiondevelopedby Irons7 for the out-of-
core solution of � nite element equations. Further applications are
given elsewhere.8

The modi� ed initial displacement vector is given by

uM D
u0

D u0

(10)

Substituting Eq. (10) into Eq. (8), from the second equation we get

D KM N u0 C D KM M D u0 D 0 (11)

Thus,

D u0 D ¡ D K¡1
M M D KM N u0 (12)

In general, the M ¿ N , so that solution of Eq. (12) is a very minor
step.

For the case where new joints are loaded, the uM can be directly
obtained from Eq. (8) by forward and backward substitution.

Further Changes
Once the MISM has been introduced, evaluationof the displace-

ments for further changes in the other submatrix D KN N of 1K is
straightforward. The CA approach presented by Kirsch5;6 has pre-
viouslybeen introducedfor problems with an unchangednumberof
design variables and DOFs. In this procedure, the computed terms
of series expansion are used as basis vectors in a reduced basis
expansion. Because of the large changes involved in topological
modi� cation, four vectors assumed in this study, the approximate
displacements ua are expressed as

ua D y0u0 C y1u1 C y2u2 C y3u3 D UB y (13)

where u0; u1; u2; and u3 are the � rst four terms of the series. The
matrix UB and the vector y of coef� cients to be determined are
de� ned as

UB D [u0; u1; u2; u3]; yT D fy0; y1; y2; y3g (14)

Considering the given initial value of the inverse K¡1
M and the

initial displacements uM , as discussed earlier, in general it is not
necessaryto calculatethe inverse;we canget the decomposedmatrix
of KM . Using the binomial series, the terms resulting from D KN N

for the modi� ed basis vectors can be determined by

u0 D uM ; u1 D ¡K¡1
M D KN N uM

(15)
u2 D ¡K¡1

M D KN N u1; u3 D ¡K¡1
M D KN N u2

The calculationof the basis vectors involvesonly forwardand back-
ward substitution if KM is given in the decomposed form from the
modi� ed initial analysis. Thus, the third-order terms can be readily
calculated. Given KM and uM , the following procedure is carried
out to evaluate the displacementsand the stresses for the change of
D KN N in the stiffness matrix.1

1) The modi� ed matrix K D KM C D KN N and the basis vectors
u0; u1; u2; and u3 expressed by Eq. (15) are introduced.



1762 AIAA JOURNAL, VOL. 36, NO. 9: TECHNICAL NOTES

Table 1 Displacements (m £ 10¡ 3) of a modi� ed plate structure

Node Exact CA3 Error, % Node Exact CA3 Error, %

5 ¡0.124 ¡0.126 1.61 25 ¡1.326 ¡1.327 0.08
6 ¡0.136 ¡0.139 2.20 26 ¡1.311 ¡1.312 0.08
9 ¡0.446 ¡0.454 1.79 29 ¡0.910 ¡0.919 0.99
10 ¡0.478 ¡0.487 1.88 30 ¡0.919 ¡0.927 0.87
13 ¡0.910 ¡0.919 0.99 33 ¡0.446 ¡0.454 1.79
14 ¡0.919 ¡0.927 0.87 34 ¡0.478 ¡0.487 1.88
17 ¡1.326 ¡1.327 0.08 37 ¡0.124 ¡0.126 1.61
18 ¡1.311 ¡1.312 0.08 38 ¡0.136 ¡0.139 2.20
21 ¡1.496 ¡1.494 ¡0.13 47 ¡0.090 ¡0.090 0.00
22 ¡1.482 ¡1.478 ¡0.27 49 ¡0.090 ¡0.090 0.00
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Fig. 1 Topological modi� cations of plate structure.

2) The reduced (4 £ 4) matrix KR and the reduced (4 £ 1) vector
RR can be calculated by the expressions

KR D UT
B KUB ; RR D UT

B R (16)

3) The coef� cients vector y are calculated by solving the set of
(4 £ 4) equations

KRy D RR (17)

4) The � nal displacementsand stresses are evaluatedby Eqs. (13)
and (6), respectively.

Numerical Example
In the following example, the parameters of the material are the

modulus of elasticity E D 2:1 £ 1011 Pa and Poisson’s ratio º D 0:3.
Consider an initial design of a rectangle plate structure, shown

with thin lines in Fig. 1, where the thickness of the plate is t D 0:01
m and the length and width of the plate are 1 and 0:3 m, respectively.
The coordinationis de� ned in Fig. 1. The plate is � xed at two sides
of the plate. It is discretized into 44 nodes and 30 square plate
members, and it is subjected to a single loading condition of two
concentrated loads R D 1000 N at nodes 22 and 23 along the ¡z
direction.

From the initial analysis, the decomposedform of the initial stiff-
ness matrix K0 , the initial load vectorR, and the initial displacement
vector u0 are given.

Consider topologicalmodi� cations adding new nodes 45–52 and
eight members, shown with thick lines in Fig. 1. The change in the
stiffnessmatrix is formedby the � nite element program. The MISM
and vector uM are given by Eqs. (7) and (10), respectively,whereas
the vectors u1; u2; and u3 are calculated by Eq. (15). The coef� -
cients vectors y calculated by Eq. (17) are f0:940, 0:123, ¡0:188,
¡0:039gT .

The resulting displacements are given in Table 1. To illustrate,
only the displacements along the z direction are shown. The dis-
placements along the x and y directions are zero. Because of the
symmetricpropertyof the structure,only half of the nodesare listed.

Approximate results ua achieved by CA3 [consideringonly four
basis vectors in Eq. (15)] are summarized in Table 1. Comparing
with exact results u, the relative errors .u i ¡ uai /=ui £ 100% are
also given. The results achieved by the CA3 are very close to the
exact solution.

The resulting principal stresses ¾1 of some elements and relative
errors are listed in Table 2. The results of the other elements can be
obtained from the symmetric property of the structure. The largest

Table 2 Principal stresses (Pa) of a modi� ed plate structure

Element Exact CA3 Error, %

1 0:25365EC08 0:25533EC08 ¡0.66
2 0:17298EC08 0:17774EC08 ¡2.75
3 0:59322EC07 0:53638EC07 9.58
4 0:14858EC08 0:15120EC08 ¡1.76
5 0:32834EC08 0:31996EC08 2.55
11 0:26456EC08 0:27132EC08 ¡2.55
12 0:15933EC08 0:15640EC08 1.84
13 0:27310EC07 0:23994EC07 12.14
14 0:13722EC08 0:13884EC08 ¡1.18
15 0:32215EC08 0:31359EC08 2.65
31 0:21909EC08 0:22136EC08 ¡1.04
33 0:19774EC08 0:20084EC08 ¡1.56

errors of the principal stresses in elements 13 and 3 are 12:14% and
9:58%, respectively,and the principal stresses in the other elements
have good approximations.

Concluding Remarks
In this Note, a new approximatereanalysismethod for topological

modi� cations of general � nite element systems has been presented.
This presentationis focusedon themost challengingcaseof theaddi-
tion of joints, in which the structuralmodel and the numberof DOFs
are changed. From the numerical example, it has been shown that,
for changes in topological modi� cations, the approximate method
presented in this Note is effective.
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